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Abstract. We prove that the sumset {p 2 + b 2 + 2 n : p is prime and b, n ∈ N} has a positive lower density. We also construct a residue class with odd modulo, which contains no integer of the form p 2 + b 2 + 2 n . And similar results are established for the sumset {b 
Introduction
Let P denote the set of all primes. In 1934, Romanoff [24] proved that the sumset S 1 = {p + 2 n : p ∈ P, n ∈ N} has a positive lower density. Subsequently van der Corput [13] proved the complement of S 1 , i.e. N \ S 1 , also has a positive lower density. In fact, Erdős [14] showed that every positive integer n with n ≡ 7629217 (mod 11184810) is not of the form p + 2 n . The key ingredient of Erdős' proof is to find a finite class of residue classes with distinct moduli, which covers all integers. Nowadays, Erdős' idea has been greatly extended, and for the further related developments, the readers may refer to [11, 10, 3, 25, 4, 5, 26, 27, 6, 29, 7, 20, 8, 9, 28] .
In 1999, with help of Brüdern and Fouvry's estimations on sums of squares [2] , Liu, Liu and Zhan [21] proved a Romanoff-type result:
The sumset S 2 = {p 2 1 + p 2 2 + 2 n 1 + 2 n 2 : p 1 , p 2 ∈ P, n 1 , n 2 ∈ N} has a positive lower density.
The key of their proof is the following lemma: where S − will introduced in Section 2.
In the other direction, recently Crocker [12] proved that there exist infinitely many positive integers not representable as the sum of two squares and two (or fewer) powers of 2.
Motivated by all these results, in the present paper, we shall study the sumset
First, we have the following Romanoff-type result.
Theorem 1.1. The set S 3 has a positive lower density.
Next, we need to say something about the complement of S 3 . It is not difficult to see that almost all integers in S 3 are of the form 4k + 1 or 8k + 2. However, we shall prove that Theorem 1.2. There exists a residue class with odd modulo, which contains no integer of the form
Since the modulo in Theorem 1.2 is odd, by the Chinese remainder theorem, clearly both the two sets {x ∈ N : x ≡ 1 (mod 4), x ∈ S 3 } and {x ∈ N : x ≡ 2 (mod 8), x ∈ S 3 } have positive lower densities.
Furthermore, we also have a similar result on the integers not of the form
There exists a residue class with odd modulo, which contains no integer of the form
A well-known result due to Landau [19] asserts that
And obviously {n ∈ N : 2 n 2 ≤ N} ≪ log N.
These facts suggests us to obtain the following results.
Theorem 1.4. The sumset
has a positive lower density. And conversely there also exists a residue class with odd modulo, which contains no integer of the form b
The proofs of Theorem 1.1 and the first assertion of Theorem 1.4 are applications of sieve method. And we shall construct a suitable cover of Z with odd moduli to prove Theorem 1.2, Theorem 1.3 and the second assertion of Theorem 1.4 . Throughout our proof, the implied constants by ≪, ≫ and O(·) will be always absolute.
2. Proof of Theorem 1.1
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and ω 1,1 (p) = p/(p + 1). And if p β m for some β ≥ 1, then 
where
Let D = N 1/30 and z = N 1/300 . Define
In view of Lemma 2.1,
where λ d are the weights appearing in Selberg's sieve method with
[18, Chapter 3]). In view of Lemma 2.3,
By Selberg's sieve method, we have
And since |λ d | ≤ 1,
where τ is the divisor function. Noting that
And it had been showed [21, Eq. (2.9)] that
Thus we obtain that Theorem 2.1. For a positive integer m, we have
Now we are ready to prove Theorem 1.1.
Proof of Theorem 1.1. By the prime number theorem, clearly
On the other hand, in [23] , Rieger proved that
Recall that S 3 = {x ∈ N : r(x) ≥ 1}. Then by the Cauchy-Schwarz inequality,
So it suffices to show that
Applying Theorem 2.1, we have
By Romanoff's arguments [24] (or see [22, p.203 ]), we know that
This concludes the proof of Theorem 1.1 3. Proof of Theorems 1.2 and 1.3
For an integer a and a positive integer n, let a(n) denote the residue class {x ∈ Z : x ≡ a (mod n)}. For a finite system A = {a s (n s )} k s=1 , we say A is a cover of Z provided that
Our aim is to find a cover {a s (n s )} k s=1 of Z and distinct primes p 1 , p 2 , . . . , p k with p s ≡ 3 (mod 4) and 2
ns ≡ 1 (mod p s ). With help of the book [1] , the following lemma can be directly verified. 0, 3, 7), (1, 15, 11), (4, 15, 31), (7, 15, 151), (10, 15, 331 
s=1 is a cover of Z. And for 1 ≤ s ≤ 49, we have p s | 2
Remark. In [28] , Wu and Sun constructed a cover of Z with 173 odd moduli and distinct primitive prime divisors. is a cover of Z, and 2 ns ≡ 1 (mod p s ) for 1 ≤ s ≤ 50. Let
and let α 1 be an integer such that
Let x be an arbitrary positive integer with x ≡ α 1 (mod M 1 ). Suppose that x ∈ S 3 , i.e., x = p 2 + b 2 + 2 n for some p ∈ P and b, n ∈ N. Since A is a cover of Z, there exists 1 ≤ s ≤ 50 such that n ≡ a s (mod n s ). Then
Noting that p s ≡ 3 (mod 4), −1 is a quadratic non-residue modulo p s . It follows that
Since p is prime, we must have p = p s . Below we require some additional congruences. Arbitrarily choose distinct primes q 1 , q 2 , . . . , q 50 such that (q s , M 1 ) = 1 and q s ≡ 7 (mod 8) for 1 ≤ s ≤ 50. Clearly 2 is a quadratic residue and −1 is a quadratic non-residue modulo q s . So −2 n is a quadratic non-residue modulo q s for any n ≥ 0. Let
and let α 2 be an integer such that
for every 1 ≤ s ≤ 50.
Let M = M 1 M 2 , and let α be an integer such that
In fact, assume on the contrary that x ≡ α (mod M) and x = p 2 + b 2 + 2 n for some p ∈ P and b, n ∈ N. Noting that x ≡ α 1 (mod M 1 ), we know p = p s for some 1 ≤ s ≤ 50. But since x ≡ α 2 (mod M 2 ),
n is a quadratic non-residue modulo q s , which leads to an evident contradiction since
This concludes the proof of Theorem 1.2. Now let us turn to the proof of Theorem 1.3. We still use the cover A in ( * ). Now suppose that x ≡ −α 1 (mod M 1 ) and there exist p ∈ P and b, n ∈ Z such that x = p 2 + b 2 − 2 n . Then n ≡ a s (mod n s ) for some 1 ≤ s ≤ 50, and
It follows that p = p s . The main difficult is to find the additional congruences.
Notice that (r i , M 1 ) = 1 and (r i , r j ) = 1 for any distinct i, j. Let
r s and let α 3 be an integer such that
This is impossible since c s + 2 n is a quadratic non-residue modulo r s . Hence the reside class {x ∈ N :
Remark. Observe that the moduli appear in Lemma 3.2 are all composite. So we have the following problem.
Problem. Does there exist infinitely many primes p such that the set {1 ≤ c ≤ p : c + 2 n is a quadratic non-residue modulo p for every n ∈ N} is non-empty?
In fact, we don't know any such prime p. is a quadratic residue modulo p.
The integers of the form
Proof of the first assertion of Theorem 1.4. Let Q = {x ∈ N : x has no prime factor of the form 4k + 3}.
We only need to prove that the set {x + 2 n 2 : x ∈ Q, n ∈ N} has a positive lower density. As an application of half dimensional sieve method [15] , we know that
And with help of Selberg's sieve method, it is not difficult to see that
for every positive integer M. By the Cauchy-Schwarz inequality,
Suppose that p is prime, β ≥ 1 and 1 ≤ a ≤ p β . Then we have
since the multiplicative group modulo p β is cyclic, where ν p (a) denotes the greatest integer such that p νp(a) | a. Thus
where ω(r) denotes the number of distinct prime factors of r. We only need to prove that
Romanoff had show that E(x) ≪ log x (cf. [22, pp. 200-2001] ). So
Our proof is complete.
Let A = {a s (n s )} 50 s=1 be the cover in ( * ), and let p 1 , . . . , p 50 be the corresponding primes with p s ≡ 3 (mod 4) and p s | 2 ns − 1. Since every p s has at least one quadratic non-residue modulo p s , the second assertion of Theorem 1.4 is an immediate consequence of the following stronger result.
Theorem 4.1. Let N be a set of non-negative integers. Suppose that for every 1 ≤ s ≤ 50, there exists 1 ≤ e s ≤ p s such that
Then there exists a residue class with odd modulo, which contains no integer of the form b We claim that for any x ≡ α * (mod M * ), x is not of the form b So we must have ord 2 (p 2 s ) = n * s p. Consequently n ≡ a * s ≡ e s (mod p s ). Since n ∈ N , we have n ∈ H s and there exists 1 ≤ t ≤ |H s | such that n = h s,t . It follows that b 
